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Abstract

A methodology to locate and size damage in a structure using the time-domain response is presented in
this paper. The measured response in the time domain is spatially expanded over the structure and the mean
strain energy for a specified time interval is obtained for each element of the structure. The mean strain
energy for each element is, in turn, used to build a damage index that represents the ratio of the stiffness
parameter of the pre-damaged to the post-damaged structure. The damage indices are used to identify
possible locations and corresponding severities of damage in the structure. The validity of the methodology
is demonstrated using data from a numerical example of a beam structure.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

As concerns about the soundness of the civil engineering structures grow, the need to develop
effective and practical structural health monitoring (SHM) systems is emerging as a prominent
problem in structural engineering. SHM system includes a synthesis of experimental data
gathering techniques and non-destructive damage evaluation (NDE) schemes. To date, numerous
NDE methods have been proposed. The theoretical bases of these methods include neural
networks [1], pattern recognition [2], sensitivity analysis [3,4], fuzzy sets [5], and system
identification [6,7]. Recently, methods that attempt to simultaneously assess the condition of
the whole structure, the so-called global NDE methods, have been gaining acceptance in
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the engineering community. The basic idea behind these global methods is that changes in the
physical properties of a system alter the response characteristics of the structure. A recent round
robin study involving five established NDE methods reveals that the damage index method [8]
performed best using simulated data and data from a real structure [9].

The damage index method originated from a sensitivity approach that relates changes in modal
responses, specifically resonant frequencies, to changes in the mass, damping, and stiffness
of a structure. Based on work done by Cawley and Adams [10], Stubbs [11], and Stubbs and
Rials [12] proposed a method that relates changes in the resonant frequencies to changes
in element stiffness. To reduce the computational effort involved in the proposed scheme,
Stubbs [13] developed an NDE theory using linear inverse method. Stubbs and Osegueda
[3,4] further developed the method for applications to beams and other structures. To over-
come the difficulties of the previous works, which arise when the number of vibrational modes is
much less than the number of damage parameters to be determined, Stubbs et al. [8] developed the
so-called damage index method. This method has been corroborated using (1) numerically
simulated data for various structural types and classes [14,15], (2) experimental modal data
generated in a laboratory environment [16], and (3) field data measured on bridge structures
[9,17].

In recent years, most global NDE methods, including the damage index method, utilize
modal data (i.e., resonant frequencies and modeshapes) to predict possible damage locations
and estimate the severity of the damage. The modal data can be extracted using
established experimental modal analysis techniques (input–output methods or output only
methods) to estimate the modal parameters (i.e., resonant frequencies, modal damping,
and mode shapes) [18]. However, the input–output modal parameter extraction method
involves averaging and curve-fitting procedures which introduce additional uncertainties
and measurement errors. Furthermore output-only extraction methods are computa-
tionally intensive. One potential solution to this problem is to investigate other types of response
measures (e.g., static response [19], time-domain response [20], etc.) that circumvent these
difficulties.

The objective of this paper is to develop a time-domain-based NDE methodology that obviates
the computational demands, complexity, and subjectivity associated with current modal
parameter extraction methods. In the proposed method, a mean strain energy measure which
uses response data for a specified time period is utilized to formulate a damage index for an
element in a structure. The damage indices, which represent the ratio of pre- and post-damaged
stiffness of the elements, are utilized to identify the locations and corresponding severities of the
possible damage locations. The validity of the methodology is demonstrated using numerically
generated data from a continuous beam structure.

2. Theory

2.1. New damage ratio using the time-domain response

Suppose that dynamic responses of a structure are sampled at n locations at time interval Dt

from ti ¼ t1 to ti ¼ tNT ; where NT is the number of sampling points. Then, the sampled dynamic
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responses for the n sensor locations may be expressed in matrix form as follows:

Locations - 1 j n Time Step

k

W ¼

w1;1 ? w1;j ? w1;n

^ & ^ c ^

wi;1 ? wi;j ? wi;n

^ c ^ & ^

wNT ;1 ? wNT ;j ? wNT ;n

2
6666664

3
7777775

1

i

NT

: ð1Þ

In the matrix, the jth column vector represents dynamic displacements at the jth location, and the
ith row vector represents the dynamic displacements at the ith time step. Using current
technology, the discretized displacements can be obtained by integrating the acceleration records
obtained from accelerometers [21]. Thus, each row vector describes the instantaneous deformed
configuration of the structure at a certain instant of time. Consequently, there are NT response
measurement sets, if a single row vector is regarded as one measurement set.

Since damage in a structure causes changes in the dynamic characteristics of the system such as
frequencies and mode shapes, the displacement configurations of the pre-damaged and the post-
damaged structures at the same sampling time will be different. Thus, the deformed configuration
of the pre-damaged structure measured at a certain time should not be compared to the deformed
configuration of the post-damaged structure at the same time. To overcome this difficulty, the
mean strain energy of the structure over a sampling period is used here instead of the direct
comparison between strain energies of pre- and post-damaged structures at the same time. The
matrix expression presented in Eq. (1) may be rewritten as

W ¼ ½V1;y;Vi;y;VNT �T; ð2Þ

where a vector, Vi ð¼ V ðtiÞÞ; represents a displacement configuration of the structure at time ti:
Considering a system with NE elements, the corresponding strain energy of the structure at a time
ti can be expressed as

sUi ¼ 1
2

VT
i KVi; ð3Þ

where the subscript s refers to the structure. The mean strain energy for a specified time interval
between ta and tb ðb > aÞ; s %U%t; may be defined as

s %U%t ¼ E½sUi� ¼
1

2ðb � aÞ

Xb

i¼a

VT
i KVi: ð4Þ

Similarly, the average mean strain energy for the jth element in a structure may be given by

j %U%t ¼ E½jUi� ¼
1

2ðb � aÞ

Xb

i¼a

VT
i KjVi; ð5Þ

where Kj ¼ kjCj; kj is the stiffness of element j; and Cj is the geometric portion of the
contribution of the jth element to the system stiffness matrix. The ratio of the mean strain energy
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for the jth element to the system mean strain energy is given by

Fj ¼
j %U%t

s %U%t

¼
kj

Pb
i¼a VT

i CjViPb
i¼a VT

i KVi

; ð6Þ

where j %U%t represents the average strain energy stored in the jth element. Fj will be denoted as the
fractional mean strain energy of element j: Similarly, for the damaged structure:

F�
j ¼ j %U

�
%t

s %U
�
%t

¼
k�j
Pb

i¼a V�T
i CjV

�
iPb

i¼a V�T
i K�V�

i

: ð7Þ

The pre-damaged and the post-damaged fractional mean strain energy for jth element are
related by

F�
j ¼ Fj þ dFj; ð8Þ

where dFj is related to the change in the fractional mean strain energy of the jth element resulting
from the damage. The quantity dFj can be obtained from the first order expansion [22]:

dFjE� Fjaj; ð9Þ

where the fractional change in stiffness, aj; is given by

aj ¼
dkj

kj

¼
k�j � kj

kj

: ð10Þ

Define a damage index for the jth element as bj ¼ kj=k�j : Then substituting Eqs. (6), (7), (9), and
(10) into Eq. (8) and simplifying yields the damage index for the element j as

bj ¼
kj

k�j
¼

1

2

f �j
fj

þ 1

 !
; ð11Þ

where the quantity fj is given by

fj ¼
Pb

i¼a VT
i CjViPb

i¼a VT
i KVi

ð12Þ

and

f �j ¼
Pb

i¼a V�T
i CjV

�
iPb

i¼a V�T
i K�V�

i

: ð13Þ

Note that the damage index obtained using Eq. (11) is most susceptible to measurement and
numerical errors when both numerator and denominator are close to zero. This phenomenon, for
example, might be observed for elements near supports when the element size and the
displacements are small. In such cases, localization errors may result. To avoid this problem, the
domain of interest in the problem is shifted by adding unity to the denominator and numerator of
Eq. (11) [22]. The resulting non-singular damage index is then given by the equation

bjE
PNT

i¼1 VT
i KViPNT

i¼1 V�T
i KV�

i

PNT
i¼1 V�T

i CjV
�
i þ

PNT
i¼1 V�T

i KV�
iPNT

i¼1 VT
i CjVi þ

PNT
i¼1 VT

i KVi

 !
: ð14Þ
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Note that the damage index shown in Eq. (14) is the ratio of the effective stiffness of an element
of the pre-damaged state to the post-damaged state.

2.2. Damage localization using the new damage ratio

Possible locations of damage in a structure can be identified by utilizing classification
algorithms with the damage index given by Eq. (14) taken as the feature vector. As presented in a
prior study [2], classification of an element as damaged or not damaged can be made on the basis
of such schemes as (1) Bayes’ rule (from which the well-known Linear and Quadratic
Discriminant Analysis are derived) [23]; (2) nearest distance [24]; and (c) hypothesis testing
[25]. In this study, hypothesis testing is used for the classification of an element as being damaged
or not damaged. In hypothesis testing, the alternate hypothesis (H1) and null hypothesis (H0) are
defined as H0: element j of the structure is not damaged, H1: element j of the structure is damaged.

To test the hypotheses, the damage indices shown in Eq. (14) are standardized using the
equation

zij ¼
bij � mb

sb
: ð15Þ

Here, it is assumed that the damage index, bij ; is a random variable and the collection of the
damage indices are distributed normally. Thus, a typical probability density function of the
standardized damage indices for elements can be depicted as shown in Fig. 1. The one-tailed test
to decide on the existence of damage in an element may be restated as (1) choose H0 if zjozZ; (2)
choose H1 if zjXzZ; where the quantity zb is the standardized damage index, the quantity zZ is a
threshold value of zb; and Z represents the level of significance of the test (see Fig. 1). The decision-
making criterion for assigning the location of damage is thus established using elements of
statistical decision-making. One can choose a greater threshold value to have more confidence in
the identified damage locations. Note that a typical value for the level of significance in damage
localization is 0.05 which corresponds to a z score of z0:05 ¼ 1:645:

2.3. Severity estimation using the new damage ratio

Once the possible locations of damage are isolated, corresponding damage severities can be
obtained using the corresponding damage indices to localized damage locations. Since the damage
index is the ratio of pre-damage stiffness to post-damage stiffness, the severity of damage for jth
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element (i.e., the fractional loss in stiffness) may be expressed as

aj ¼
k�j � kj

kj

¼
1

bj

� 1: ð16Þ

Note that the severity of damage obtained using Eq. (16) represents the effective stiffness loss to
undamaged stiffness for a specific element j of the structure.

3. Verification of methodology using simulated damage

The feasibility and performance of the proposed NDE algorithm is examined via a numerical
example of a continuous beam structure. The example structure, shown in Fig. 2, is a three-span
plate girder, and consists of two cross-sectional properties designated here as thick- and thin-
flanged girder elements.

The sectional and material properties of the members of the structure are summarized in
Table 1. Two-node cubic beam elements are used to model the example structure. The model has
60 elements and 61 nodes, as shown in Fig. 2. The structure is subjected to 15 damage scenarios.
The locations and corresponding magnitudes of the damage simulated for each damage scenarios
are summarized in Table 2. The damage is numerically simulated by reducing the elastic modulus
of the appropriate elements. Forced vibration analysis was performed to compute time responses
using a commercial FORTRAN code [26]. An impulse load is used to excite the structure at Node
31 in the vertical direction. The impact loading is shown in Fig. 3 and the location of the
excitation is shown in Fig. 2. A direct integration method, the Newmark-b method [27], was used
to generate the time response data. A magnitude of 0.1% viscous damping, which is typical for
steel structures [28], was assumed for the structure. The displacement response data are assumed
to be measured at 61 locations (n ¼ 61) which correspond to the node points in Fig. 2. In real
world applications using currently available technology, such a dense arrangement is not
practical; however, the purpose of this paper is to establish the feasibility of the approach. The
impact of using fewer sensors per span will be addressed in subsequent studies. Note that
responses of the structure were sampled at each node for 2 s in time intervals of 0:002 s
(Dt ¼ 0:002) after the loading had been applied. Thus, a total of 1000 discrete displacement
measurements (NT ¼ 1000) were sampled for each node.
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Fig. 2. Schematic of the finite element model of the continuous beam.
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3.1. Measurement noise

In field application, it is expected that there would be some deviations due to measurement
noise. In this example, the measurement noise is simulated by adding a series of random numbers
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Table 1

Sectional and material properties of the beam structure

Thick-flanged girder Thin-flanged girder

Area (cm2) 1103 697

Second moment of inertia (m4) 0.2197 0.1193

Depth of the girder (cm) 305 305

Flange thickness (cm) 6.67 3.81

Flange width (cm) 61 53.34

Web thickness (cm) 0.95 0.95

Elastic modulus (GPa) 200 200

Mess density (kg=m3) 7850 7850

Table 2

Simulated damage locations and severities

Damage scenario Elements

damaged

Corresponding

severity (%)

1 5 6.0

2 32 16.0

3 54 9.0

4 20 3.0

5 56 7.0

6 15 10 7.0 9.0

7 12 37 16.0 7.0

8 7 21 3.0 5.0

9 26 31 8.0 4.0

10 3 42 4.0 2.0

11 33 11 47 3.0 5.0 12.0

12 42 34 8 7.0 3.0 4.0

13 50 15 4 3.0 12.0 5.0

14 53 9 16 7.0 8.0 13.0

15 6 35 40 2.0 5.0 8.0

t (sec) 0.02 

 p(t) 

4450 N 

Fig. 3. Dynamic loading used to excite the continuous beam.
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to the obtained mean strain energies for elements in the example structure. The random numbers
are generated from a uniform distribution on the interval ½�1; 1�: The degree of noise is
determined by a noise/signal (NS) ratio that is a ratio of the random-number series to the
amplitude of the mean strain energy [29]. In present applications, the effect of different level of
noise on damage identification is investigated by applying 1% and 2% NS ratios.

3.2. Damage localization and severity estimation results

Using the damage index expression, presented in Eq. (14), the determination of the locations of
potential damage in the structure is implemented using the following steps. First, the damage
indices for each element are calculated using Eq. (14). Second, the obtained damage indices are
standardized using Eq. (15). Third, the presence of damage in element j is determined according to
the pre-assigned classification rules: (1) the element is damaged if zjX2:0; (2) the element is not
damaged if zjo2:0: Note that the value of the damage indicator, 2.0, corresponds to a 0.02 level of
significance test for the presence of damage.

The severity of damage is estimated using Eq. (16). The severity of damage for possible damage
locations was estimated as follows. First, the possible damage elements are identified using the
hypothesis testing algorithm. Second, the severity of damage is estimated using the damage indices
for the possible damaged element using Eq. (16).

3.3. Results

The damage localization results are shown in Figs. 4–6. In all of the figures, note that the
inflicted locations of damage are indicated by the tilted arrows near the horizontal axis. The
vertical axis is in the non-dimensional units of the standardized damage ratios for that particular
location. The percentage of false positives predictions (Type I error) and the percentage of false
negatives predictions (Type II error) are used to evaluate the performance of the methodology. A
false positive means that damage is reported where no damage exists and a false negative means
that damage is not reported where damage exists. The percentage of false positives is calculated by
dividing the number of false positive predictions by the number of undamaged elements, and the
percentage of false negatives is calculated by dividing the number of false negative predictions by
the number of damaged elements. The percent of false positives may reflect the quality of the
measured data as well as the effectiveness of the damage localization algorithm while the
percentage of false negatives may measure the sensitivity of measures to damage and the ability of
the classification algorithm to correctly identify the damage location. The resulting percentage of
false positives and negatives are summarized in Table 3.

For damage cases with a single damage location that correspond to damage cases 1–5, the
proposed methodology successfully identifies all simulated damage locations (zero false negatives)
with noise free data (see Fig. 4). Few false positives were observed but all the false positive
predictions arise in the neighborhood of the simulated damage locations. When noise added,
the methodology identified all damage locations except damage case 4 where the magnitude of the
simulated damage was relatively small. As the NS ratio increased, it was observed that the
standardized value for the damage index at a damage location was decreased.

ARTICLE IN PRESS

S. Choi, N. Stubbs / Journal of Sound and Vibration 275 (2004) 577–590584



In the damage localization results for damage cases with multiple damage locations, damage
cases 6–15, the proposed localization methodology performed quite satisfactorily with noise free
data (see Figs. 5 and 6). In only two damage scenarios, damage case 13 and 15 in which the
structure was damaged at 3 locations, the standardized value for the damage index was between 1
and 2. However, all three damage locations in those two damage cases can be inferred from Fig. 6.
From a review of the damage magnitudes inflicted at the various locations and presented in
Table 2, one explanation for the lower value of the standardized damage index in the latter cases is
the possible masking of the smallest damage magnitudes at location 50 in damage case 13 and
location 6 in damage case 15. When noise was added, it was observed that the percentage of false
negatives was increased as the NS ratio increased. However, even with the severest simulated noise
level when the NS ratio was 2%, most of damage locations can be inferred from Figs. 5 and 6. It
can be seen in the figures that, with a lower significance level of the test (less confidence in the
presence of damage), the detectability of the method can be improved dramatically. For example,
when the NS ratio is 2%; with the threshold value of 1.5, the number of false negatives can be
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Fig. 4. Damage localization results for damage Cases 1–5: (a) damage case 1, (b) damage case 2, (c) damage case 3,

(d) damage case 4, (e) damage case 5. location of damage; ; noise free; - - - -, 1% NS; ——, 2% NS.
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decreased to three from nine in all damage cases with multiple damage locations (Figs. 5 and 6).
From Table 3, the percentage of false positives seemed not to be influenced significantly by the
increased number of damage locations and the noise level. However, it can be inferred from
the figures that the number of false positives will be increased with a lower significance level of the
test.

Another way to evaluate the performance of the proposed method is as follows. In all 15
damage cases a total of 30 damage sites were inflicted. Without noise, the method unambiguously
located 28 of these 30 cases. This result corresponds to an overall success rate of 93%. With
additional screening of the data or lowering the significance level of the test, the success rate for
the sample used here could be as high as 100%. When noise was added, the method identified 26
and 21 in 30 simulated damage locations, which corresponds a success rate of 87% and 70%,
respectively.

The severity estimation results using the proposed methodology are presented in Table 4. For
all damage cases, the proposed methodology consistently yields lower damage severity estimates
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Fig. 5. Damage localization results for damage Cases 6–10: (a) damage case 6, (b) damage case 7, (c) damage case 8,

(d) damage case 9, (e) damage case 10. location of damage; ; noise free; - - - -, 1% NS; ——, 2% NS.
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than the simulated values. The fact that damage is smeared into the neighboring elements, as
shown in Figs. 4–6, may explain this systematic error. In the table, it was also observed that the
proposed methodology gives a reasonable agreement between damage magnitudes using the
noise-free and the noise-polluted data.

4. Summary and conclusion

In this paper, a damage localization and severity estimation methodology using time-domain
response data was presented. The motivation for the approach was to investigate the possibility of
obviating certain drawbacks associated with commonly used modal extraction parameter
methods. The time-domain displacement response measurements were assumed to be measured at
a finite number of locations in a structure and the mean strain energy over a specified time interval
was obtained for each and every element of the structure. The mean strain energy for the elements
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was, in turn, used to build an element damage index defined as the ratio of the stiffness parameter
of the pre-damaged to the post-damaged elements. The standardized damage indices were then
used as feature vectors in a classification scheme to identify damage. Depending upon the value of
the standardized damage index for a given element, the element was classified as either damaged
or undamaged. The classification scheme used here was based on the statistical decision technique
of hypothesis testing.

The feasibility of the methodology was demonstrated using simulated data from a continuous
beam structure. The performance of the proposed methodology was evaluated in terms of the
number of damage locations false-positive predictions, the number of false-negative predictions,
and the accuracy of the damage severity predictions. A total of 15 damage cases were simulated.
In these cases a total of thirty damage locations were simulated. Also, the robustness of the
method to noise was investigated by adding the NS ratio of 1% and 2% to the noise-free data.
With the same significance level of the test, the method correctly identified 93%, 87%, and 70% of
the damage events using the noise-free, the 1% NS ratio, and the 2% NS ratio data, respectively.

From the numerical study, the following conclusions are drawn: (1) the time-domain response
data may be used directly to localize and size damage in a structure; (2) the numerical simulation
of a continuous beam reveals that the proposed methodology can identify single and multiple
damage locations consistently and accurately even using the data with simulated noise; (3) the
false negatives can be reduced using the lowered significance level of test for damage localization
at the expense of increasing the number of false positives; and (4) the proposed methodology
consistently produces lower damage severity estimations.
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Table 3

Number of false positives and false negatives

Damage case False positives False negatives

No noise 1% noise 2% noise No noise 1% noise 2% noise

1 2 (3a) 1 (2a) 0 (0a) 0 (0b) 0 (0b) 0 (0b)

2 1 (2) 1 (2) 1 (2) 0 (0) 0 (0) 0 (0)

3 1 (2) 0 (0) 1 (2) 0 (0) 0 (0) 0 (0)

4 0 (0) 1 (2) 1 (2) 0 (0) 1 (100) 1 (100)

5 2 (3) 1 (2) 0 (0) 0 (0) 0 (0) 0 (0)

6 0 (0) 0 (0) 1 (2) 0 (0) 0 (0) 1 (50)

7 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 1 (50)

8 0 (0) 1 (2) 2 (3) 0 (0) 0 (0) 1 (50)

9 0 (0) 0 (0) 1 (2) 0 (0) 0 (0) 0 (0)

10 0 (0) 2 (3) 1 (2) 0 (0) 0 (0) 1 (50)

11 1 (2) 0 (0) 0 (0) 0 (0) 1 (33) 0 (0)

12 1 (2) 1 (2) 1 (2) 0 (0) 0 (0) 1 (67)

13 0 (0) 0 (0) 0 (0) 1 (33) 1 (33) 2 (33)

14 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)

15 0 (0) 1 (2) 1 (2) 1 (33) 1 (33) 1 (33)

S 8 (1) 9 (1) 10 (1) 2 (7) 4 (13) 9 (30)

aPercentage of false positives.
bPercentage of false negatives.
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